Abstract. In this note, under certain conditions on weighted function K, we give an equivalent characterizations on univalent functions in Dirichlet type spaces D K .
Introduction
Let D be the unit disk in the complex plane C and H(D) be the class of functions analytic in D.
For 0 < p < ∞, the Hardy space H p is the sets of f ∈ H(D) with | f (re iθ )| p dθ < ∞.
As usual, H ∞ is the sets of f ∈ H(D) with sup z∈D | f (z)| < ∞.
Suppose that K : [0, ∞) → [0, ∞) is a right-continuous and strictly increasing function with K(0) = 0. We say that a function f ∈ H(D) belongs to the space
In the case K(t) = t α , 0 ≤ α < 1, the space D K gives the space D α . Note that D 0 is the Dirichlet space D. D K spaces was introduced by Kerman and Sawyer in [13] to study Multipliers of D K . And then, studied by Aleman in [1] . For more informations about D K , we refer to [1] , [5] , [13] , [25] , [26] , [27] and [31] .
Throughout this paper, we assume that weighted function K satisfies:
If K satisfies (1.2), we get K(2t) ≈ K(t) for t > 0 and we can assume that K is differentiable up to any desired order. For more informations about weighted function K, we refer to [4] , [5] , [9] , [10] , [14] and [31] .
For f ∈ H(D) is said to be univalent if it is an one-to-one there. Let the class of all univalent functions in H(D) denoted by U.
Hardy and Littlewood [12] , Pommerenke [21] and Prawitz [23] give the characterization of univalent functions in Hardy spaces. Pommerenke [22] also give the characterization of univalent functions in Bloch spaces, which coincident with the univalent functions in BMOA spaces, the space of those analytic functions f in the Hardy space H 1 whose boundary functions have bounded mean oscillation on ∂D. Later, the result improved by Aulaskari, Lappan, Xiao and Zhao in [2] . Univalent functions in the weighted Bergman spaces was gave by Baernstein, Girela and Pelaez in [3] and Pelaez in [16] . Pérez-González and Rättyä charaterized univalent functions in Dirichlet type spaces in [17] . To learn more about the basis of theorem of univalent functions, we refer to [8] and [19] .
Motivated by [18] , we deduce the following result.
Main Theorem. Let (1.1) and (1.2) hold for K. Suppose that f ∈ U, then f ∈ D K if and only if
In this paper, the symbol f ≈ means that f f . We say that f if there exists a constant C such that f ≤ C .
Auxiliary Results
The following result can be found in Theorem 1.1 of [15] .
Lemma 2. Let (1.1) and (1.2) hold for K. There exists C > 0, such that
Proof. Since
an easy computation gives
By Lemma 2.2 of [10], we know that there exists a small c > 0, such that K 2 (t)/t 1−c is nonincreasing and K 2 (t) ≥ K(t). Thus,
Since K is strictly increasing, then
Hence, K 2 is also strictly increasing. Thus, there exists a small c 1 such that
Hence,
Look back the proof of Lemma 2.2 of [10], we have
Therefore, combine with Lemma 2.3 of [10] and
The proof is completed.
Proof of Main Theorem
Proof. Suppose that f ∈ U ∩ D K . Applying Lemma 1 with p = 2, q = ∞ and ω(r) = K 3 (1 − r). By Lemma 2, note that
Notice the fact that
combine with Fubini's theorem and the inequality (see [3, page 841])
Now, we are going to prove ( * ). Let C as in Lemma 2 and
From Lemma 2, it is not hard to deduce that
Therefore, F(t) is decreasing. Since F(t) → 0 as t → 1 − , hence, ( * ) holds. On the other hand, by Lemma 2.3 of [10] , we have K ≈ K 3 . Using Fubini's theorem, we obtain
where D(0, t) = {z : |z| < t}. Since f ∈ U, we can easily to obtain
Thus, f ∈ D K . The proof is completed.
We say that a function f ∈ H(D) belongs to the space Q K if
where ϕ a (z) = a−z 1−az . For more informations about Q K spaces, we refer to [4] , [9] , [10] and [14] . Proof. Using the fact that
we easy to deduce our result.
